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Abstract
This article presents an approach to the semantics of non-distributive propositional logics that is
based on a lattice representation (and duality) theorem that delivers a canonical extension of the lattice.
Unlike the framework of generalized Kripke frames (RS-frames), proposed with a similar intension, the
semantic approach presented in this article is suitable for modeling applied logics (such as temporal,
or dynamic), as it respects the intended interpretation of the logical operators. This is made possible
by restricting admissible interpretations.
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1 Introduction

1.1 Motivation and Structure of this Article

In [18] this author and J.M. Dunn published a lattice representation and Stone type duality result. In [9],
Proposition 2.6, it was demonstrated by Gehrke and Harding that the representation of [18] is a canonical
extension of the represented bounded lattice, which is unique ( 9], Proposition 2.7), up to isomorphism.
Urquhart’s [22] and, subsequently, Hartung’s [19] lattice represenations (both predating [18]) also constitute
canonical extensions of the represented lattice (see [9], though no proof is presented) and using Urquhart’s
representation, in particular, it is easily proven (see [22]) that the representation reduces to the Priestley
representation [21] when the represented lattice is distributive.

In [8], generalized Kripke frames were introduced, as a relational framework for the semantics of non-
distributive propositional logics. The base frames are triples (X,L,Y) where L ¢ X x Y and the further
conditions that the frames are separated and reduced (RS-frames, see [8| for definitions) are imposed on the
frames. The dual lattice frames of [18] are not RS-frames, but Hartung’s dual lattice frames do enjoy both
properties. The reader may recall that Hartung [19] defines a dual lattice frame (X, L,Y") so that X and
Y are the first and second projection, respectively, of the carrier set of Urquhart’s doubly-ordered spaces
(U,<1,<2), where U is the set of maximally disjoint filter-ideal pairs. By contrast, the frames (X,L1,Y")
of [18] use the set X of all lattice filters and the set Y of all lattice ideals.

The propositions of a generalized Kripke frame are the Galois-stable subsets A of X, A = ¢¢A, where
(1, ¢) is the Galois connection generated by the relation L. Similarly, the co-propositions are the Galois co-
stable subsets B of Y, B = ¢p1p B. The semantics is thus 2-sorted, with both a relation of satisfaction I+ from



worlds in X to sentences and a relation > of co-satisfaction (or refutation) from co-worlds in Y to sentences.
To model additional logical operators the results of [9] on o and 7 extensions of maps are used, devising
appropriate relations on the frames (X,L1,Y) to generate the stable set operators obtained from the o
and 7 extensions. Examples of applications of RS-frames to the semantics of logical calculi can be found
in [2,5,8]. There are, however, cases of familiar logical operators where the resulting semantics appears to
be forced. For example, temporal operators are typically interpreted over linear orders, dynamic operators
are interpreted over graphs, both adequately presented as classical Kripke frames and with the standard
definition of the interpretation clause, which however fails to be captured in the RS-frames approach,
witness the satisfaction condition below, quoted from [5], using an accessibility relation Ry €Y x X from
co-worlds to worlds.

IO iff VyeY (Vze X (21 = yRoz) = x<pYy) (1)

This makes it hard to see how the generalized Kripke frames approach can serve as an appropriate semantic
framework for applied logics, such a propositional dynamic logic, or temporal logic, on a non distributive
propositional basis. Attempts to overcome this difficulty have been made notably in [3/4,6] and though
some progress has been made, recapturing the standard meaning of familiar operators while working in the
context of generalized Kripke frames has proven an evasive task.

On the other hand, this author has recently pursued a line of research aiming precisely at demonstrating
that lack of distribution of conjunction over disjunction and vice-versa has no effect on the way we interpret
other operators, resulting in establishing the Kripke-Galois frames approach to the semantics of logics over
a non-distributive propositional basis [11H16]. The results in [11H16] can be also seen as contributing to the
development of the semantics for Dunn’s theory of generalized Galois logics (gaggles) [1,|7]. To achieve this,
the duality for lattice expansions presented in [10] was used, which however does not deliver a canonical
lattice extension.

We show in this article that the apparent failure to recapture the standard meaning of familiar op-
erators in the generalized Kripke frames approach can be overcome by restricting the class of admissible
interpretations. We demonstrate the approach by targeting a concrete system, as an example, namely the
logic of modal implicative (non-distributive) lattices with an intuitionistic type of negation. Our semantic
intuitions are based on both the order-dual semantics presented in [16], as well as in the subsequently and
recently developed framework of Kripke-Galois semantics [13}15].

For reader’s convenience, we first review in the rest of this section some technical issues underlying the
approach. Sectiondeﬁnes the algebras of interest, i.e. modal implicative (bounded) lattices, it introduces
the syntax and proof system of the logic, it defines frames and models and, finally, it presents a soundness
proof. Section [3| proceeds with the construction of the canonical frame and model. ¢ (and 7) extensions
of maps are concretely defined, using the filter/ideal operators introduced in [10].

1.2 Preliminaries on Lattice Frames

By a lattice frame we mean a triple (X, L1,Y) where X,Y are nonempty sets (of worlds and co-worlds) and
L1 ¢ X xY is a binary relation, to be called the Galois relation of the frame, generating a Galois connection

—( )%

P(X) ———————=R(Y) definedon Uc X and V cY by

L —

#(U) =U= {yeY|VueUulyl={yeY |ULy}

p(V)=*V = {zeX|VveValv}={zeX|zlV}
A subset A ¢ X is Galois-stable if A = ¢¢(A) and we let G,,(X) be the complete lattice of Galois-stable
subsets of X. Similarly for G,(Y") and the complete lattice of co-stable subsets of Y, B = ¢¢o(B). In the

sequel, we let @y, @, be the least elements of G, (X) and G4 (Y), respectively, i.e. the intersections of all
their members, and we note that they need not be empty.



The relations z < z iff {z}* ¢ {z}* on X and y < v iff *{y} € *{z} on Y are preorders on X and Y,
respectively. We make the further assumptions that

e XY are both bounded partial orders under the respective <-relation
e L is increasing in each argument place, i.e. z Ly, <z,y <v imply z L v

For x € X (resp. y € Y) we write Iz for the principal upper set over x, as shorthand for the more
accurate I'({z}): Te = {z € X |z < z}. Similarly for I'y, with y € Y.

Definition 1.1 (Closed and Open Elements). A stable set A is a closed element of Gy (X) iff it is of the
form T'z, for some x € X, and similarly for closed elements I'y of G4(Y), for y € Y. The respective sets of
closed elements will be designated by G, (X) € Gy (X) and G.(Y) € Go(Y).

Dually, a stable set A is an open element of G, (X) iff it is of the form *{y} = ¢(T'y), for some y € ¥
and similarly for open elements {z}* = ¢(I'z) of G4(Y), for x € X. The respective sets of open elements
will be designated by G,(X) € Gy (X) and Go(Y') € G4(Y').

Finally, a stable set A is a clopen element of G, (X) if it is both closed and open, i.e. 'z = A = ={y},
for some z € X,y €Y, both necessarily unique. Similarly for clopen elements {z}* = B =Ty of G,(Y). We
let G, designate clopen elements.

The complex algebra §* of a lattice frame § = (X, L,Y) is its algebra of clopen elements G, (X) € Gy (X)

and its dual complex algebra F* is its dual algebra of clopens G,o(Y) € Gy(Y). [
By the boundedness assumption, each of X Y is a closed element, too. Finally, we assume that
e G.(X) is a sublattice of Gy, (X) and similarly for G.(Y") and G4(Y)
Lemma 1.2. Let (X,L,Y) be a lattice frame. Then the following hold, for any z € X,y €Y,
L (Fz)* ={z}* and =(Ty) = ~{y}
2. Tz eGy(X) and T'y e G4(Y)

Proof: For 1), left-to-right is immediate and the other direction uses increasingness of L. For 2), use
1) and the definition of the partial order. ]

1.3 Normal Lattice Expansions

This section introduces the kind of algebraic structure of interest in the present article, i.e. expansions
of bounded lattices by normal operators, typically arising as the Lindenbaum-Tarski algebras of logical
calculi.

By a distribution type we mean an element d of the set {1,0}"*!, for some n > 0, typically to be written
as 0 = (i1,...,4n;4n+1) and where i,41 € {1,090} will be referred to as the output type of 6. A similarity type
7 is then defined as a finite sequence of distribution types, 7 = (d1,...,0k).

If § is a distribution type, its dual § is the distribution type resulting by changing 1 to d and 0 to 1.
For example, if § = (1,8;9), then its dual 6 is (0,1;1). Letting i; =1 if i; = 0 and i; = 0 if i; = 1, we obtain
for a distribution type § = (i1,...,%,;in+1) that its dual is concisely defined as § = (i1,...,9p;ins1).

Definition 1.3 (Normal Operators). Following [20], an n-ary monotone operator f : L™ — £ will be called

additive if it distributes over joins of £ in each argument place. More generally, if L1, ..., L, , L are bounded
lattices, then a monotone function f : L1 x---xL,, —> L is additive, if for each 7, f distributes over binary joins
of Eia Le. f(a17 s 7a'i—17bv dvai+1a o '70‘”) = f(ala o 'aai—lab7ai+17~ . 'aan) v f(ala o '7a‘i—17daai+1a o ~7an)'

As a matter of notation, we write £ for £' and £? for its opposite lattice (where order is reversed,
usually designated as L°P).
An n-ary operator f on a lattice £ is normal |10] if it is an additive function f: £ x--- x L' — Lin+1]

where each i;, for j=1,...,n,n+1, is in the set {1,0}, i.e. L% is either £, or £2. For a normal operator
fon L) its distribution type is the (n + 1)-tuple 6(f) = (i1,...,n;in+1). We call f completely normal if it
(co)distributes over arbitrary joins, or meets, at each argument place. ]



Definition 1.4. A lattice expansion is a structure £ = (L, A,V,0,1, (f;)icx) where k > 0 is a natural number
and for each i € k, f; is a normal operator on £ of some specified arity a(f;) € N* and distribution type
0(2). The similarity type of L is the k-tuple 7(L£) = (6(0),...,6(k—1)). Where 7 is a similarity type, L. is
the class of lattice expansions of similarity type 7. [ |

Definition 1.5. A canonical extension of a lattice expansion (L,A,Vv,0,1,(fi)ick) is a canonical lattice
extension (o, C) [9] for the underlying bounded lattice together with an n-ary operator Fj;, corresponding
to the lattice operator f; such that in each argument place if f; (co)distributes over finite joins (or meets),

then F; (co)distributes over arbitrary joins (resp. meets). [ ]
From [10] recall that if f is an n-ary normal operator of distribution type & = (i1,...,%n;in+1), then we
defined

f“(Uh s 7un) = \/{ufal"‘an | /_\(aj € u])} (2)

an ideal  ifi;=1 i a principla ideal — if 4,1 =1
a filter ifi;=0 " Ufar-—an a principal filter  if i,,1 =0
We may similarly define an operator f’ corresponding to the dual distribution type 6 by setting

fb(ulv cee 7un) = \/{ufal"'an | /\(aj € UJ)} (3)

where u; is {

where u; is { an ideal  ifi; =1 (i; =0) ) { an ideal  if 4,41 =1 (ip41 = 0)

afilter  ifi;=0(i;=1) @ e B afilter  if iy = 0 (iner = 1)

Lemma 1.6. Assume f is an n-ary normal lattice operator of some distribution type 8 = (i1, ..., %n;ins1)-
Then each of f¥, f’ preserves principal filters/ideals. In other words, if i; =1 and U, is a principal ideal

and 7 = 9 and Ug,, IS & principal filter, then f“(uai1 sy Uay ) = Ufa;, ai, s WHere Ugq, ..q; IS a principal
ideal if 4,,,1 = 1 and a principal filter if 4,,.; = 0. Similarly for f’.

Proof: The proof for f! was given in [10] and that for f is completely similar. ]
The following theorem was proven in [10], Theorem 6.6.

Theorem 1.7 (Extensions of Normal Operators). Every normal lattice operator, of some distribution
type 6(f) = (i1,--,iniing1), i.€. f i L™ x o x L'» — L'+ extends to a completely normal operator
[y x-xI; — I, , where I;; is the lattice of ideals of L% . ]

n+1?

To prove that every lattice expansion has a (unique up to isomorphism) canonical extension, |9] in-
troduces a notion of o and m-extension of maps. o and m-extensions, reviewed in Section [3.2] are ex-
plicitly defined for unary monotone maps. It is then pointed out that if £, M are bounded lattices and
L, M, their respective (unique, up to isomorphism) canonical extensions, then up to isomorphism we have
(£?)s = (L4)?, which we therefore denote simply by £2, and, again up to isomorphism, (LxM )y = LoxM,.
This allows for extending n-ary maps with various monotonicity properties in each argument place.

We shall demonstrate in the sequel that o and m-extensions are in fact directly definable from the point
operators of equations introduced in |10] and extensively used in [11-16] (see Section [3.2]).

2 The Logic of Modal Implicative Lattices

2.1 Syntax, Proof System and Algebraic Semantics

If 7 = ((0;0),(1;1),(1,0;0)), then a T-algebra is a bounded lattice expansion £ = (L,A,Vv,0,1,0,0,—)
with a Box, a Diamond and an Implication operator, i.e. a modal algebra on an underlying non-distributive
lattice. Its axiomatization is given by the familiar bounded lattice axioms, extended with monotonicity and
the respective distribution axioms for O (over meets) and < (over joins) and for the implication operator



which, as indicated by its distribution type, co-distributes over joins in the first place and distributes over
meets in the second place. An intuitionistic type of negation is introduced by setting -a = a—0.

The language of 7-algebras is the extension of the language of Positive Lattice Logic (PLL) obtained by
adding modal operators and implication, built on a non-empty, countable set P of propositional variables.

L(P)>p = p(peP)|T|Llorplove|op| Ople—p

Since we have no interest in proof-theoretic matters in this article, we present a symmetric consequence
proof system, in groups of axioms and rules, beginning with the pure PLL system.

1. Axioms and rules for Positive Lattice Logic

9 9
prp Ay oA @FﬁkwAgk @Fwwkﬁwk
1+ =T

9 9
vy YoV WF¢V¢F$F

2. Axioms and rules for the box operator

TeoT oY

YT Op A0y +O(pA)

3. Axioms and rules for the diamond operators

OL+-1 % (V) - Opv o

4. Axioms and Rules for Implication

A wrd (=) A (=) - (v 1) (=) A (p=9) + o (x A D)

Negation is introduced into the system by definition, setting —¢ = p—1. We leave it to the interested
reader to verify that the Lindenbaum-Tarski algebra of the logic is a T-algebra in the sense introduced at
the beginning of this section.

Algebraic soundness and completeness is immediate, by the way we presented the proof system of the
logic.

2.2 Frames, Models and Soundness

Let 7 be the similarity type 7 = ((9;9), (1;1), (1, 0;9)).

Definition 2.1. efined T-frame is a tuple §, = (X, L,Y), (Rs, R?), (Ro, R?), (R, R?)) where
1. (X,4,Y) is a lattice frame in the sense of Section

2. Rs,R. € X x X are binary accessibility relations on X and R?,R? ¢ Y xY are dual accessibility
relations on Y, such that

(a) for any A€ G.(X), ©A =19 (pA) and BA = 82 (pA), where &,8,59,87 are the induced
image operators on £(X) defined as follows
o SU={zeX|32eX (zRoz and z€U)}
e BU={zeX|VzeU (zRoz = zeU)}
¢ S ={yeY |VveY (yRIv = veV)}
e 8%V ={yeY |FveV (yR% and v e V)}
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(b) For all z,z € X, if xR,z and z € @y, then x € @y
3. R.,R? are ternary relations R, € X2 xY and R? ¢ X x Y'? generating operators =, =% on £(X)

e U=U' = {zeX|VzeXVyeY (2€U and zzR.y = y ¢ oU’)}
e V=9V = {yeY |VveYVaee X (2R vy and v eV = z ¢ pV')}

such that = is an operator of distribution type (1,9;9) on G.(X) and then =7 is one of type (9,1;1)
on G.(Y). ]

Remark 2.2. The reason we wish to associate to a distribution type a pair of relations Ry, R?, rather than
a single relation, is grounded on the essential feature of every lattice representation theorem, where two
dually isomorphic concrete meet-semilattices S = K2 are shown to be isomorphic and dually isomorphic to
the original lattice £, see [10L[18./19/22]. Thereby, a normal n-ary lattice operator f is also both represented
as an operator ®y and dually represented as an operator (DJ‘? in each of § and IC, respectively, and so that
the two operators are interdefinable using the dual isomorphism. Each of the relations Rg,R? is used
to generate its respective operator ®; (on S) and QJ? (on K). Refined frames are equipped with a pair
(Rs, R?) of accessibility relations for each distribution type. A frame is not refined (called reduced in [16])
if for some (perhaps all) distribution type only one of Rs or R? is part of the model structure. In this case
one of the operators is defined using the corresponding accessibility relation and the definition of the other
can be then derived, using the Galois connection. ]

Definition 2.3 (Models and Validity). Let § be a refined 7-frame (Definition 2.1). A 7-model M = (F, V)
on § is additionally equipped with a pair V' = (V4,V2) of admissible interpretation and co-interpretation
maps Vi : P — G.(X) and Vo : P — G.(Y) such that for any propositional variable p, Va(p) = V1(p)*.
The relations of satisfaction I+ € X x £(P) and co-satisfaction (dual satisfaction, refutation) > € Y'xL(P) are
generated by mutual recursion as shown in Table[I} where x,z € X and y,v € Y, subject to the requirement
that for any sentence ¢, x I- ¢ iff Vy (y > ¢ = x Ly) and, dually, y > ¢ iff Vz (z Ik ¢ = = Ly).

Table 1: Interpretation and Dual Interpretation
(z,ze X, y,veY and R=1))

Tikp iff xeVi(p) y>p iff yeVa(p)

TI-T always y>1 always

TIFL ifft xedy y>T it yegs

oAy iff xziFpand zi-y y>pvey iff y>pandy>

zovy iff Vy(zRy = yfeporyt) y>pnay it Vz(zRy = z W} @ or z I} ¢)
z I+ Op iff Vz(zRoz = zIF¢) y > 0Op iff  Jv (yRIv and v > )

Tl O iff 3z (zRez and z I+ @) y>Op if Vo (yRIv = v > )

ziF o>y iff VaVy (z k@ A zzRey = y#¢)  y>e@-p  iff VzVu (> A 2ROyv = z I 4)

A sentence ¢ is (dually) satisfied in a model M = (F,V) if there is a world z € X such that = I ¢
(respectively, y > ¢, for some y € Y). It is (dually) valid in 9 iff it is satisfied (respectively, dually satisfied)
at all worlds = € X (respectively, at all y € Y).

A sequent @ + 1 is valid in a model M iff for every world x of M, if x I+ ¢, then z I+ . Equivalently,
the sequent is valid in the model 91 iff for every co-world y € Y, if y > ¢, then y > ¢. The sequent is valid
in a frame § if it is valid in every model 91 based on the frame §. Finally, we say that the sequent is valid
in a class F of frames iff it holds in every frame in F. ]

Lemma 2.4. For every sentence ¢, [[p]]={zeX |z ¢} G (X)cGy(X) and (¢)) ={yeY |y>p}e
Gx(Y) € Go(Y). In particular, [¢]]* = (@) and =(¢) = [#]].

Proof: Immediate, by the requirements set on models. [ |
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Theorem 2.5 (Soundness). The logic of modal implicative lattices is sound in the class of 7-models

(Definition .

Proof: By the semantic clauses, we have in particular [[T]] = X € G , (L] =NGy(X) € Gy(X) and
(L) =Y €Gu(Y), (T) =NGp(Y) € G4 (Y), where we used the boundedness assumption for X,Y. Thereby,
the PLL axioms for top and bottom are valid. The clause for disjunction can be equivalently written in
the form 2 - 9 v x iff VyeY (y > 9 vx = 2 Ly), hence [0 vx] ==((9) 0 (x) = =([Y]* n [x]") =
([ ullxID*), i-e. disjunction is interpreted as the closure of a union and co-interpreted as intersection.
By the above observations, the axioms and rules for PLL are sound, given the assumption that the set of
closed elements isa sublattice of Gy (X).

For necessity, by the definition of the @ set-operator from the relation R,, both the monotonicity rule
and the axiom of distribution over intersections are immediately seen to be valid. For validity of the axiom
T+ OT, observe that [OT]|=8X ={ze X |Vze X (zR.z = 2z X)} =X =[[T]].

For possibility, the monotonicity rule is valid by monotonicity of the set-operator &. Validity of the
axiom &L - 1 is ensured by condition 2(b) on frames. Validity of the distribution axiom over disjunction
follows from the frame condition 2(a) and the fact that &2 distributes over intersections, since &(Av B) =
SAV OB iff $& (Av B) = ¢(0A vV OB) iff 62¢(Av B) = 02(¢A) n &2(¢B) iff &2(p(A) n ¢(B)) =
&9(pA)n &9 (pB). Just like for the set operator @, distribution of &2 over intersections follows from the
definition.

For implication, the monotonicity rule holds on (X ) in general, as the reader can easily check, given
the definition of U = V using the relation R.. Validity of the axioms for the (co)distribution properties of
implication have been forced by the definition of frames. ]

3 Completeness

Completeness is proved by the standard technique of representation of the Lindenbaum-Tarski algebra of
the logic, a T-algebra, where 7 is the similarity type 7 = ((9;9), (1;1),(1,0;0)). We show that ¢ + ¢ iff
[p] <[] iff [[e]] € [v]] Gff (¥) € (¢])), where the first equivalence is the algebraic completeness part
discussed in Section [2} For the underlying lattice representation the reader is referred to 18], though the
brief review presented in Section [3.1] should suffice for the purposes of this article.

3.1 Canonical Lattice Extensions
In [18], a follow up paper to the report [17], the following result was proven.

Theorem 3.1 (Lattice Representation, [17,/18]). Every bounded lattice £ can be represented and co-
represented in the lattice frame (X, L,Y) where X is the set of lattice filters of £ and Y its set of ideals,
while L € X xY is defined by « L y iff x ny # @. The representation and co-representation maps «, 3
are defined by a(a) = {z € X |a € 2z} and B(a) ={y € Y | a € y}. Endowing X,Y with the natural
Stone topologies generated by the subbasis elements {a(a) |a € L} u{-a(a)|a € L} and similarly for Y,
{B(a)|aeL}u{-B(a)]|ac L}, the image a[L] of the representation map is characterized as the family of
compact-open stable subsets of X and similarly for S[£] and Y. [

In other words, there is an isomorphism £ = (£,)* of a lattice with the complex algebra of its dual
frame and an anti-isomorphism £? « (£+)+’ of £ with the dual complex algebra of its dual frame.

In [9] Gehrke and Harding introduced a notion of canonical extension of bounded lattices, generalizing
the corresponding notion for distributive lattices and Boolean algebras and which characterizes the dual
objects of lattices in purely lattice-theoretic terms, without resorting to topological properties. They define
a canonical extension of a bounded lattice £ as a pair (a,C'), where C' is a complete lattice and a: L - C
is a lattice embedding and where
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e (density) a[L] is dense in C, where the latter means that every element of C' can be expressed
both as a meet of joins and as a join of meets of elements in a[L]

e (compactness) for any set A of closed elements and any set B of open elements of C; AA<V B
iff there exist finite subcollections A’ ¢ A, B’ ¢ B such that AA' <V B’

where the closed elements of C' are defined in |9] as the elements in the meet-closure of the representation
map « and the open elements of C' are defined dually as the join-closure of the image of «.

In 9], Proposition 2.6, Gehrke and Harding, prove existence of canonical extensions for bounded lattices
by showing that the completion of a bounded lattice £ obtained in the lattice representation theorem
of |171[18] is a canonical extension of £. Furthermore, canonical extensions are proven to be unique, up to
isomorphism ( [9], Proposition 2.7). Urquhart’s [22] and, subsequently, Hartung’s [19] lattice represenations
(both predating [18]) also constitute canonical extensions of the represented lattice (see [9], though no
proof is presented) and using Urquhart’s representation, in particular, it is easily proven (see [22]) that the
representation reduces to the Priestley representation [21] when the represented lattice is distributive.

In the sequel we present some technical clarifications that will be useful in the rest of this article.

Let £ be a bounded lattice and £, = § = (X, L,Y), following [18], be the canonical dual frame of the
lattice £, where X is the set of lattice filters, Y is the set of lattice ideals and where L € X x Y is defined
byrxLlyiff tny+@.

Designate the canonical (co)representation maps by ax(a) = a(a) ={zre X |acz} and ay(a) = 8(a) =
{y €Y | a €y} Letting z, = a?t be the principal filter generated by the lattice element a and writing
'z for the principal cone over the filter z, 'z = {z' € X | < 2’} (where we use < for filter-inclusion),
it is straightforward to see, by join-density of principal filters, that the closed elements of G, (X) in the
sense of [9] are precisely the elements of the form 'z, with x € X, since Ageace T%q = T'(Vaeace o) = T2 4.
Similarly, the closed elements of G4(Y'), defined as the meet-closure of the image of the co-representation
map f in [9], are the principal cones over ideals I'y = {y’ € Y | y < ¢}, this time using join-density of
principal ideals.

The following is an immediate consequence of definitions and its proof is left to the reader.

Lemma 3.2. Let (X,L,Y) be the canonical dual frame of a bounded lattice. For any z € X,yeY
e r Ly, iffaerandz, Lyiff acy
o “{y,}={reX|acz} =Tz, and {z,}* ={yeY |acy}=Ty,. ]

Recall that the open elements of G, (X)) are defined dually in [9] as the join-closure of the image of the
representation map «. Given the previous Lemma and the fact that )3 = a we obtain the following.

Corollary 3.3. The open elements of G, (X)) are the elements of the form *{y}, for y € Y. Similarly, the
open elements of G,(Y') are the elements of the form {z}*, for z € X. |

It follows from the above that our definition of closed and open elements of the canonical lattice frame
(Definition coincides with that introduced in [9).

Corollary 3.4. The clopen elements in G, (X) are the elements 'z, = “*{y,} = a(a) and the clopen
elements of G4(Y) are the elements I'y, = {z,}* = B(a). ]

It was observed in [9] that if £ is a bounded lattice and M ¢ £, then

1. Na[M]={zeX|Mcuz}
2. NA[M]={yeY |Mcy}
3. Va[M]=¢op(Ua[M]) ={ze X |[VyeY (Mcy=—zLy)}
4. VBIM]=¢p(UB[M]) ={yeY |Vze X (M cz =2 Ly)}



Therefore, we obtain:
Corollary 3.5. If z € X is a filter, then
1. Nafz]={zeX|z<a}=T=
2. VB[] = (UB[]) ={y eV |V e X (z<a=aLy)}={yeY [Tz Ly} ={z}" = 6({z})
and if v € Y is an ideal, then
L NBv]={yeY [v<y}=Tv
2. Vafv]=vo(Ualv]) ={ze X |VyeY (v<y=a Ly)} ={v} =y ({v}). .

By the results of [9], as specialized to the case of the canonical extension of a bounded lattice given
in [17,[18], for any U € X and V ¢ Y we have:

e YU =V{Aa[z]|zeU}=V{Tx|zeU}
o YV =V{AB[v]|veV}=V{Tv|veV}.

Given the above together with the fact that 1, ¢ are dual isomorphisms (hence they switch joins to meets
and meets to joins), then the following is the case for a stable set A € G, (X) € (X ) and a co-stable set
BeGy(Y)cR(Y):

\/AFJU = A4 = A/l\(*{y}) (4)
VTy= B = A\{z}) (5)
yeB rLlB

3.2 o, m-Extensions of Lattice Maps

Recall from [9] that if (a,C) is a canonical extension of a bounded lattice L, and K,0 are its sets of
closed and open elements, the o and m-extensions f,, fr : L, — L, (where, following the notation of [9),
L, = Gy(X) designates the canonical extension of £) of a unary monotone map f : L — L are defined
in [9], taking also into consideration Lemma 4.3 of [9], by setting, for k €K, o€ 0 and ue C

fo(k) = A\{f(a) | k<aeL} fo(u) =\/A{fo(k) | K3k <u} (6)
fr(0) =\V{f(a) | L3a<o} fr(u) = A{fz(0) |u<oen} (7)
where in these definitions £ is identified with its isomorphic image in C and a € £ is then identified with
its representation image.
Working concretely with the canonical extension of [18], the o extension f, : Gy(X) — Gy (X) of a
monotone map f as in equation and the dual g-extension f2:Gy(Y) — G4(Y) (not used in [9]) are
(§

defined by instantiating equation (6) in the concrete canonical extension of [18] considered here by setting,
for x € X and y € Y and where x, is a principal filter and y,. a principal ideal.

fo(Tz) = Nfax(fa) [ae L,Tx <ax(a)} = A{Toso | TocTaa} = N{Tapa laca} =T(\V{zpa laca}) (8)
£7@y) = Nay (fa) lae £,Ty <ay(a)} = A{Tysa | Ty € Tya} = A{Tysa lacy} =TV {ysalacy}) (9)
We can now state the following Proposition, linking the results of |9] to those proven in [10].
Proposition 3.6. Let f be a unary monotone map.
1. If 6(f) = (1;1), then f,(Tz) =T(f'x)
2. If §(f) = (0;0), then f,(T'z) =T(f'x)



Proof: Immediate, by comparing the definition of f, in equations @) and the definitions of f*, f*
in equations , repeated from [10]. [

Note that Proposition [3.6] readily extends to the case of any distribution type &, but we shall restrict
ourselves here to the operators of our target system.

Lemma 3.7. The m-extension of a monotone map f is obtained from the dual o-extension by setting

Fr(Hy}) =0 (f(o(H{y})) = w(F2(Ty)).
Proof: We have

(f2(Ty)) O(MTyga | acy}) = V{¢Tysa|acy} = V{Tzsq|acy}
= V{l'za | ya <y} V{Twypq | Ty € Tya} V{Tzq | YTyq € YTy}
V{Tzfo [ *{ya} € *{y}} = V{lzfalay(a) c*{y}} = f-(*{y})

which proves the claim. In particular, we obtained f,(¢¥I'y) = ¥ f2(T'y). [

For antitone maps, since filters of LY are the ideals of L, i.e. F(L?) = I(L), and conversely I(L?) =
F(L), the canonical frame for L? is the frame (X', L’ Y") = (Y,L7!, X), where X is the set of filters of L
(hence the ideals of L?), Y is its set of ideals (the filters of L?) and where L' c Y x X, y Ll ziff 2 Ly

d)/
iff zny+@. Let ¢',1)" be the generated Galois connection #(Y) =—=#(X)? , where for VY, Uc X
w/

we have ¢'(V) ={z e X |V Lila)l={zeX|oLlV}=9¢(V)=2Vand ¢/ (U) ={yeY |y LU} ={ye
YU Lyy=¢(U)=U=*

Therefore, Gy (X') = Go(Y) € P(Y) and Gy (Y') = Gy(X) € P(X). Since Gy (X) = G4(Y)?, we have
Gy (X") 2 Gy(X)?. In other words, (L?), = (L,)?. As already pointed out when defining closed and open
elements, we have G.(£2) 2 G,(L,) and, dually, G,(L2) = G.(Ls) where the bijections involved are given
by Ly = +{y} =¢(Ty) and T'z = {z}* = ¢(I'z).

For n-ary maps and product lattices a similar analysis shows that (Lx M), 2 L, x M,. We will provide
more details when we discuss the representation of implication.

For later use we list the following results from [9]

Proposition 3.8 ( [9], Lemmas 4.3, 4.4, 4.6). The following hold for a unary monotone map f
1. The o and 7 extensions f7, f™ of f agree on closed or open elements
2. If either f7 preserves all joins, or f™ preserves all meet@en ff=f"
T

3. If f preserves binary joins then f? preserves all joins anf preserves binary meets, then f™ preserves
all meets. ]

3.3 Representing Implication and the Modal Operators

This section contains all the technical representation results needed for our completeness theorem. Its main
objective is twofold. First, for each of the operators of interest in this article, we demonstrate that the
corresponding o, 7 extensions of [9] are definable directly from the filter/ideal operators defined in [10] as
in equations . Defining o, m-extensions using the filter /ideal operators allows us to devise appropriate
accessibility relations that generate the respective operators on stable sets. Furthermore, it is precisely this
connection between o, m-extensions and filter/ideal operators that bridges the gap between the semantics
based on the canonical extensions theory of [§] and the Kripke-Galois semantics recently proposed by this
author [11416].
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3.3.1 Possibility

Instantiating equations of Section to the case of the unary diamond operator, of distribution type
(1;1), we obtain filter and ideal operators &’ : X — X and o : Y — Y.

<>bac=\/{x<>a|a€:ceX} <>”y=\/{y<>a|aeer} (10)

By Lemma O’y = v and Oy, = yoq. Next, following our approach in [10], we define an operator &
on the closed elements G, (X) = {T'z | x € X} of G4 (X) and &9 on the closed elements G,.(Y) = {T'y |y e Y}
of G4,(Y) by setting

o(Iz) =T(0'x) o7 (Ty) =T(ohy)

By the results of [9], the set of closed elements of G, (X) is join-dense in Gy (X), hence the operator
extends immediately to the whole of Gy, (X), ©A = Vzea ©(T'z). Similarly for the dual operator &9 on
Go(Y).

Lemma 3.9. The following hold:

1. &(Tx) = 0o (T) = AMTaen |acz e X)

2. ©%(Ty) = ©J(Ty)
COx(H{y)) = 0(&%(0(*{y})) = ¥(&°(Ty)) = V{Taga |acy e Y},
- O2{a}H) = (0o ({2}%)) = (00 T2) = $(L(O'2)) = {OFa}*

5. & is the o-extension, in the terminology of [9], of the lattice & operator and, similarly, the m-extension
of ¢, in the terminology of [9] is the image under the Galois map ¢ of the map &2

3
4

Proof: For 1) and 2) Proposition provides the proof for the general case, but the calculation is
simply O (T'z) = A{T2gq |aer e X} =T (V{zoa |acze X}) =T(O02) = & (Tx).
3) and 4) follow from Lemma [3.7 but we give details for the sake of the reader.

P(©%(Ty)) = YI(Ohy) =YI'(V{yoa |acyeY})
= ¥(AMyoa|acyeY})
= V{YTyoa |acyeY})
= V{H{yoa} lacyeY})
= V{Tzoa |aeyeY}) (because principal filters/ideals are clopen)

= Ox(*{y})

Hence, ¢ is the o-extension, in the terminology of [9], of the lattice <& operator and, similarly, the 7-
extension of ¢, in the terminology of [9] is the image under the Galois map 1 of the map &9, Extensions
of o,m-maps to the whole of G, (X) are obtained in [9] using join-density of closed and meet-density of
open elements. [}

We may conclude from the above that the o, 7 extensions are really obtained from the point operators
introduced in [10]. This allows us to define now the appropriate accessibility relation.

Definition 3.10. Define R, € X x X by setting xR,z iff 0?2 < z. The co-accessibility relation R? is the
binary relation on ideals defined by yRv iff Va (Ga ey = aev). ]

The definition of the accessibility relation as above was first introduced in [14]. Note that, by the first
claim of the next lemma, the definition of R, coincides with the classical definition of the accessibility
relation for possibility.

Lemma 3.11. The following hold:

1. 2Rz iff Va (a e z = Oacex)
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2. For any filter u, Oy (Tu) ={z e X |32 X (zR,z and u<z)}

3. For any lattice element a and filter x, Ga € z iff 32 (xR.2z and a € 2)
4. For any ideal y, &2(I'y) = {y' | Vv (¥’ R9v = y <v)}
5. For any lattice element a and ideal y, Ga ey iff Vo e Y (yR2v = aev).

Proof: For 1), the proof follows merely from the definition of .

For 2), by the previous Lemma and by definition, &, (I'u) = ©(Tu) = I'(OPu), hence the left-to-right
inclusion follows by taking z = u. For the other direction, notice first that the filter operator <&’ is monotone.
Therefore, if z is such that ¢’z < x and u < z, then it follows that GPu < z, hence z € T'(O'u) = &(Tw) =
0 (Tu).

For 3), we have Ga € x iff 24 <7 iff ¥ € Twgq iff 2 e (O 2,) iff ¥ € Oy (Tzy) iff 32 (zRoz and z, < 2)
iff 3z (zR.z and a € 2).

For 4), given that ¢9(Ty) = I'(Oly) it suffices to show that Oty <y iff Vo (' R9v = y <v).

Note that from the definition of ! it follows that Ofy < ¢’ iff Va (a € y == <Oa € y'). Assuming
Oty <y and i R%v, for an arbitrary ideal v it follows from definitions that if a € y, then ¢a €y and then
a € v, hence y < v.

Conversely, assume Vv (y'R9v == y <v) and choose v = {a | & a €y}, an ideal, since 4’ is one. Then
y'R%v holds and thereby y < v = {a| G a€y'}. In other words, for any a, if a € y, then Ga € 3, which is
equivalent to Ofy <y,

For 5), the direction left to right is enforced by the definition of the dual accessibility relation RY. For
the other direction, assume Vv (yRv == a e v). Let y° = {a| & a €y}, an ideal. By definition of R?
and of y° it follows that yR2y°® holds. The hypothesis then entails that a € y°. But this yields ¢a €y, by
definition of y°. [

Lemma 3.12. For any stable set A we have G 4 = ¢ 02 (¢pA) and if A = Tz € G.(X), then also
SA =1 % A

Proof:
<>0'A = ¢¢ Oo A
= PP o Vyen ' (by join density of closed elements)
= YO Vyen Oo(l'x) (by Lemma
= PP Vaea T(O) (by definition of ¢ and by & = O,)
= P Agea 8T (O') (because 1, ¢ is a dual isomorphism
= P Agea{O'a}* (by definition of ¢ and by Lemma [3.9)
= U Apea O0({2}*) (by Lemma
= Y Agea OF({2}) (by Lemma
= Y O Npea{z}* (by Lemma
= Y0 ¢Vyealx (by Lemma
= Yo7 oA
The second part follows from Lemma [3.9] given the above calculation. ]

3.3.2 Necessity

Instantiating equations of Section to the case of the box operator, of distribution type (9;9), we
obtain filter and ideal operators Of : X — X and 0’: Y — Y

D“x:\/{zm|aeo:€X} Dby:\/{yua|a€er}

By Lemma [I.6] the operators preserve principal filters and ideals, respectively.
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Next, define an operator 8 on the closed elements G,.(X) of G, (X) and, dually, an operator 29 on the
closed elements G, (Y) of G4(Y) by setting

5(Tz) =T (0'z) a” (Iy) =T(2'y)
Lemma 3.13. The following hold
1. For any filter u € X, 8(Tu) = 0, (T'u)
2. For any ideal y € Y, 8Ty = 0Ty
3. For any ideal y € Y, 0.(*{y}) = (2°Ty) = {z € X |z L 0'y} = £{0"y}

Proof: For 1) and 2), we refer the reader to Proposition
For 3), Lemma may be consulted. We leave details to the interested reader. ]

Definition 3.14. The accessibility and co-accessibility relations R, € X x X, R ¢ Y x Y are defined by
setting

e tRoz iff Va(Oaex = a€z)

o yRo%v iff o*v < . [ |
Lemma 3.15. The following hold

1. Foranyue X, Blu={ze X |Vze X (zR.z = u<z)}

2. Forany ueY, 0?(Tu)={yeY |IveY (yR% and u<v)}

3. For any lattice element a and ideal y we have ma € y iff Jv e Y (yR%v and a€v).

Proof: For 1), we first prove the particular case BI'z, = I'zg, for clopen elements 'z, of G, (X). This
follows by a simple calculation: z € Tzg, iff Da ez iff Vze X (xRgz = acz) iff Vze X (zRgz = z ¢
Tz,) iff x ea(Tz,).

Now assume z € BI'u, for some filter v € X. It suffices to show that ofu < z. Given the definition of the
filter operator 0Of, the desired conclusion follows if we can show that for any a, if a € u, then Oa € . The
hypothesis is equivalent to I'u € T'z, from which we obtain, by monotonicity of 8, that al'u c 8l'x, = I'zg,,
by the special case we first proved above. Hence Oa € z, given the hypotheses x € BI'u and a € u. This
shows Ofu < z, i.e. x e I'(0*u) = 0, (Tu).

For the converse, assume Ofu < = and let z be any filter such that xRgz. If a € u, which is equivalent
to x, < u, we get Oz, < O'u < z, which shows that Oa € z. But we are assuming xRgz, hence a € z. This
shows that z € 8(T'u), q.e.d.

For 2), if y € 02 (T'u) = T'(0"u), then o*u < y, hence taking v = u we obtain yR%v and u < v. Conversely,
let v be such that yR%v and u < v, i.e. 0*v <y and v € ['u. By monotonicity of 0° we obtain 0°u < 0°v <y
and since 02 (T'u) = T'(0"u) we obtain y € 02 (T'w).

Finally, by the following straightforward calculation

Oa €y iﬁymagyiﬁyerm[ ,
iff yeT(0y,) iff y e 02 (Ty,) iff v (yR2v and y, < v)
iff JweY (yR2% and aev)

the proof of 3) is complete. [ |
Lemma 3.16. For any stable set A we have 0,4 = 902 A and if A = Tz € G,.(X), then also BA = a? (¢A).
Proof: The proof is completely analogous to the proof of the same fact for &4, ¢ (Lemma|3.12) and

it can be safely left to the interested reader. [ ]
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3.3.3 Implication

The distribution type of implication is §(=) = (1,9;9), i.e. it is a map — : £ x L% — £2. Hence its
extension in the sense of Section following [10], is a map Ay xX — X, Similarly, the extension
for a map of the dual distribution type (9,1;1) is a map L X XY — Y, both defined below, after |10]:

y—u>as:\/{xa_>b|aey,bex} z—b>y:\/{ya_>b|aex,bey}
b'e Y

o-Extension:  Define an operator =q: Gy (X) x G4(Y) — G4(Y) on the closed elements of Gy (X) x
G4(Y), by setting (T'z) =¢ (I'y) =T'(x 2, y), for x € X,y € Y, and extend it on the whole of Gy (X)xGy(Y")
using join-density of the set of closed elements together with the fact that = is monotone in both argument
places: A =0 B =Vzea Vyes(I'z =0 I'y).

A dual extension map =§: G4(Y) x Gy (X) —> Gy (X) can be also defined in an analogous manner by
setting (Ty) =9 (T'x) =T(y N x).

Lemma 3.17. = is the o-extension =, of the lattice implication operator and =>08 is its dual o-extension
)

:>o_.

Proof: The g-extension of » : Lx£? — £9 is a map =,: G, (X) xG4(Y) — G4(Y) and it is defined
after [9] by instantiating equation (6) (I'z) =, (I'y) = A{T'ya—s | a € z, b ey} and we obtain

(Tz) =, (Ty) = AN{Tya—ss|acx, bey} = F(\}/{ya_w laex, bey})=T(x LN y) = (Tx) =0 (Ty) (11)

Since =, =, agree on closed elements and they are both extended using join-density of the set of closed
elements we may conclude that =¢ = =.

For the dual extension the argument is completely similar. Indeed, we obtain from definitions and with
small calculations that (I'y) =2 (T'z) = A{Tzq—p |a ey, bex} =T (V{zasp |acy, bex}) =T(y - x) =
(Ty) =§ (Tx). m

m-Extension: Applying Lemma we obtain a definition on open elements of the m-extension of
implication = ,: Gy (X) xGy(Y) — G4(Y) by conjugating the dual o-extension with the dual isomorphism
1, ¢. We set

Lyt = {a} = 0(0(H{y)) =22 w({z}2)) = o(Ty =2 Tz) = (C(y - 2)) = {y > 2}

Similarly, the dual 7m-extension =2: G4(Y) x Gy (X) —> Gy (X) is obtained by conjugating with the o-
extension

(e} 224y} = p(w({z}*) =4 0(+{y})) =Tz =, Ty) = (D (z == y)) = *{z >y}

Representing Implication: = Gehrke and Harding [9] work only up to equivalence and do not differenti-
ate between Gy (Y) and G, (X)?, given that G4 (V) 2 Gy (X)?, but drawing the distinction is of significance
for our semantic purposes.

Using the dual equivalence of G, (X ), Gy (Y) we obtain from =g a map =1: Gy, (X)xGy (X)? — Gy (X)?
defined on the closed elements of G, (X) x G,,(X)? by setting

(Tz) =1 (H{y}) = »((T2) =0 (6({y}))) =Tz = Ty) =y (z > y) =*{z >y} (12)
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as illustrated in the diagram below.

(I'z) =0 (Ty) - T(z —> )
=0 Gy (X) x Gs(Y) — Gs(Y)
| s A
=i G(X) x Gu(X)?  — Gy (X)?

Ha -y

(T'z) =1 {vh)

Similarly, for the dual extension :>06 and considering again the dual equivalence of G4(Y") and Gy (X )2 we
define a map =9: G4(Y) x G4(Y)? — G4(Y)? as displayed in the diagram below

(T'y) =7 (I'z) = I(y - 2)
={: Gy (Y) x Gy(X) — Gy(X)
H % wuqs
=7 Gs(Y) x Gs(Y)? — Gs(Y)?
(T'y) =7 ({a}4) - {y )t

In conclusion, we represent lattice implication — : £ x £2 — £ by =1 : Gy (X) x Gy (X)? — Gy (X)?
(extended to all stable sets using join-density of closed elements) and we co-represent it by =% : Go(Y) x
Go(Y)? — G4(Y)?, defined as above.

Note that :>? can be equivalently regarded, given the dual isomorphism ¢, 1, as a map from G, (X )9 x
Gy (X) and into Gy (X), which better reflects the fact that the dual distribution type of implication is
(9,1;1). However, this representation does not deliver an operator on co-stable sets, i.e. on G,(Y"), which
is desirable, as this map underlies the way we define the canonical co-interpretation.

Compositionality of the Representation: To illustrate the compositionality of the representation,
let a—b € L and a(a—b) = [[a—d]] =T'z4—p, B(a—Db) = (a—b]) = T'ys—p. By the above constructions we have

[a—b] = T#asp = *{Yamsd} = *{xa —> 4} = Tarq =1 *{yp} = Ty =1 Ty, = [[a]] =1 [[b]

where we used the fact that Tz, = *{y;} because principal filters/ideals are clopen elements. Similarly,

(la=b) = Tyamsp = {Zamp}* = {ya —> 25 }* = Ty 22 {@p}* = Ty =2 Tyy = (a) =9 (b)

where we again used the same facts about clopen elements.
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Normality of the Representation: By Proposition and given that —: £ x £2 — £9 distributes
over joins in each argument place, where joins in the second argument place are joins in £, hence meets
in £, delivering joins in £7, i.e. meets in £, its sigma extension =, = =0: Gy (X) x Go (V) — G4(Y) is
completely normal, distributing over joins in each argument place and delivering a join in G4(Y).

Considering =1, for distribution over meets in the second argument place and given meet-density of
open elements it suffices to show that A =1 Ajer “{¥i} = Aier(A =1 *{y;}). Similarly for co-distribution
over joins in the first argument place.

A =1 Nier *{ui} = Y(A =0 0(Nier *{¥i})) = V(A =0 Vier Tyi) =¥ Vier (A =0 T'y;)
= Nier V(A =0Tyi) = Nier (A =1 ={yi})

(Vier Tzi) =1y} = o((Vier Tzi) =0 ¥(5{y})) = ¥ (Vier Txi =0 Ty) = ¥ Vies (T2 =0 T'y)
= Nier ¥(Tzs =0 Ty) = Njer (Tzs =1 ={y})

Relational Representation:  For the relational representation of =1, =%, define accessibility relations
R. ¢ X? xY by setting xzR.y iff £ (2 N y) and R? ¢ X x Y2 by 2R%wy iff (w LN z) Ly. Welet
— =9

R, R_ be the complements of R, RY.

Lemma 3.18. The following hold:

LTz= 2o} ={reX |V e XV eY (<2 and v <v = 22'R.0’)}
={zeX|VZeX VeV (2 elzand 2z’ Rov’ = v{0')}

2. ambexeX iff VzeXVyeY (aezandbey = xzR.y)}
iff Vze XVyeY (zzRsy and a€ 2 = b y)

3.Ty=0 {a}t={veY |Vy eYV2' e X(y<y A x<a’ — z'ﬁfy'v)}
4. a»beveY iff Vy' e YVa' € X (2'RO%'v A acy = b¢a')

Proof: The case for 1) is immediate from definitions, given monotonicity of N
For 2), we have the following calculation
a—~bex iff x Ly, iff z L (xa—b>yb)

iff VzeXVyeY (zo<zand yp <y — xé(z—“y))
iff VzeXVyeY (aezandbey = zzR.y)
iff VzeXVyeY (zzRsyandaez = biy)

which establishes its truth. 3 and 4 are proven by similar argument. [ ]
Lemma 3.19. For any A, B € G, (X) we have A =, B =9 (¢A =9 ¢B).

Proof: Recall that =: Gy, (X)x Gy (X)? — Gy (X)? was obtained from the g-extension of implication,
which is the map =¢: Gy (X) x G4(Y) — G4(Y'), by setting A =1 B =¢(A = ¢B) = (A =, ¢B). The
m-extension, as we have shown, is obtained from the dual o-extension, i.e. A" =, B’ = ¢(¢pA’ =2 ¢yB’).
By Lemma (which reviews results obtained in [9]), given the (co)distribution properties of implication,
its o and m-extensions coincide. Hence, we obtain

A= B=9y(A=, ¢B) = (A=, ¢B) = b(¢p(pA =3 ¥($B))) = 9A =2 B =y (pA =Y ¢B)

which establishes the claim. ]
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3.4 Completeness Proof

Based on the representation results of the previous sections we introduce the definition of the canonical
frame (Definition [3.20]), we prove it to be a 7-frame (Lemma in the sense of Definition we then
verify (Lemma [3.22)) that the canonical interpretation and co-interpretation satisfy the model constraints
of Definition and we conclude with the statement of our completeness theorem (Theorem .

Definition 3.20 (Canonical Frame and Model).
The canonical frame is the structure §, = ((X,L,Y), (Ra, R?), (Ro, R?), (R, R?)) where

1. X is the set of filters of the Lindenbaum-Tarski algebra of the logic, Y is its set of ideals and = L y
ifeny+@

2. The accessibility and co-accessibility relations are defined as follows

(Ro € X x X) xR,z iff &'z <z, where for z € X, Oz = \V{zoa |a €z}
(ROcY xY) yRo% iff Va (Gaecy = acv)

(Roc X xX) zRgz iff Va(OQaex = ac€z)

(R cY xY) yR%v iff 0*v < yy where for an ideal v, 0*v = \V{yga | a € v}

(R- € X?xY) zzR.y iffa:;L(z—b>y),Wherez—b>y = V{¥Yasb|acez,bey}
RY ¢ X xY?) zR%wy iff w-Ls 2 y,Wherew—u>z:\/xa_>b acw, bez
> >

where for a lattice element e we write x for the principal filter and y, for the principal ideal generated
by e and < designates filter, respectively ideal, inclusion.

The canonical model is the structure M, = (F-,[[ 1], (])), where for a sentence ¢ and where [¢] =a
is its equivalence class under provability we set [[p]] ={r e X |acz} ={x € X |z, <2} =Tz, and

(o) ={yeYfaey}={yeY |ya <y} =Tya u
Lemma 3.21 (Canonical Frame Lemma). The canonical frame is a 7-frame in the sense of Definition

Proof: By definition, the canonical Galois relation L of the frame is increasing in each argument place.
This implies that if x < z, then {z}* € {z}*. For the converse, let a € z, so that x L y,, i.e. y, € {z}* and
then by hypothesis y, € {z}*, i.e. z Ly, and so a € 2, using Lemma hence x < z. Thus condition 1 of
Definition 1] holds for the canonical frame.

For condition 2(a), closure of G,,(X) under the induced image operators &, 8 and of G (Y"), respectively,
under &2, 87 has been verified in Sections and while duality of the operators &, &9 (and
similarly for ,8%) has been verified in Lemma, (and similarly for box and Lemma [3.16). In what
regards B it is obvious from its definition that it distributes over arbitrary intersections. For &, we may
derive complete distribution over arbitrary joins in G, (X) from the fact that its dual, namely &9, being
really a box-operator on R(Y), as its definition reveals, distributes over arbitrary intersections. Then
use interdefinability of & and &% using the dual equivalence v, ¢. Alternatively, the distribution facts of
o-extensions obtained in [9] can be directly used.

For condition 2(b), notice that @, = {w}, where w designates the improper filter (the whole lattice).
Details are left to the reader.

For condition 3, closure of G.(X) under the image operator = induced by R. and of G.(Y) under =2,
induced by R?, was demonstrated in Section where the interdefinability requirement was verified in
Lemma For the implication operator, we verified the complete (co)distribution properties in Section
[3:3:3] in the paragraph on normality of the representation.

By the above, the canonical frame is a 7-frame in the sense of Definition [2.1 [ |

Lemma 3.22 (Canonical Interpretation Lemma). Let Vi(p) = [[p]] and Va(p) = (p) = o([[]]), for a
propositional variable p. Define x I+ ¢ iff z € [[¢]] and y > ¢ iff y € (p|), for any sentence p. Then I+, >
satisfy the recursive clauses of Table [l and, in particular, (¢]) = ¢([[¢]]), for any .
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Proof: Clearly [[T]] = X, since [T] is the upper bound of the Lindenbaum-Tarski algebra of the
logic and [T] = 1 € z for any filter x. Similarly (L) = Y. Letting w be the improper filter (the whole
Lindenbaum-Tarski algebra), for any filter  we have x < w, hence w € 'z and since a stable set A is the
join A =V{Tz |z e A} it follows that w € A for an A € G;(X), hence {w} €@y =MN{A|AecGy(X)}. Ifa
filter z € @y, then in particular z € 'z = {w} (where 0 = [1] is the lower bound of the lattice), hence z = w
and thus @, = {w}. Hence [[1]] = &y = {w} and w I- L since [1] € w. Similarly, (T]) = {y1} is the improper
ideal generated by the top element 1 =[T] (i.e. the whole lattice) and then y > T iff y = y; holds.

The cases for conjunction and disjunction are immediate, given that conjunction is interpreted as
intersection, disjunction is co-interpreted as intersection, hence the cases x I+ ¢ A and y > ¢ v ¢ hold in
the canonical interpretation. The remaining two cases are obtained using the Galois connection 1, ¢ and
thereby the clauses  I- ¢ v and y > ¢ A9 obtain in the canonical model.

The cases z I O and y > O hold by Lemma Similarly, the cases for z I+ Op and y > Op hold
by Lemma [3.15

Finally, the cases for implication, x I ¢ and y > ¢—1) follow from Lemma

The fact that (9] = ¢([[¢]]) follows from the interdefinability, using the duality 1, ¢ of operators and

their duals (Lemmas 3.16] [3.19). ]

Therefore, by the above results completeness is established.

Theorem 3.23 (Completeness). The logic of modal implicative lattices (Section[2) is sound and complete
in the class of frames and models of Definition 211 ]

4 Conclusions

In a series of recent articles |[11H16] we have shown that the semantics of non-distributive propositional
logics need not abandon the standard interpretation of familiar operators and we developed to this effect
the framework of Kripke-Galois (or order-dual) semantics, which is based on the representation and duality
of lattice expansions presented in [10]. In this article, we have demonstrated that this is also the case, in
particular, when the semantics is based on a lattice representation and duality theorem [18] that delivers
a canonical extension [9], provided a restriction on the admissible interpretations is made. The frames and
models presented in this article can be seen as a 2-sorted version of the Kripke-Galois frames and models
we have recently developed. The canonical frame construction is based, first, on the lattice representation
presented in [18], as well as on the representation of normal lattice operators given in [10].

What made it possible to bridge the gap between a semantics based on canonical extensions and the
Kripke-Galois frames approach is that (a) the o and 7-extensions of maps of |9] are canonically obtained
from the representation of normal operators of [10], (b) that the set of closed elements is closed under
o-extensions and that (c) the canonical frame of [10] consists of filters alone, hence its set of Galois stable
sets is restricted to the set of closed elements of G, (X) (which join-generate Gy (X)).

The approach of [8], followed also in [5], constructs the canonical frame by taking the canonical extension
A, of the Lindenbaum-Tarski algebra A of the logic and then letting (X,L1,Y) = (J*(A,), L, M*(A,)),
where J*(A,) € G,(X) is the set of completely join-irreducibles of A, and M*(A,) ¢ G,(X) is its set
of completely meet-irreducibles. In the distributive case these are the completely prime elements of the
canonical extension. Defining semantics in a uniform way for the distributive and non-distributive case,
however, stumbles on the fact that in the latter case completely join-irreducibles need not be completely
prime. This is precisely what is responsible for the failure to re-capture the standard semantic clauses for
familiar operators as this is very clearly illustrated for the case of diamond in [5].

In this article we have obtained a relational representation of <&, 0 and — which allows for interpreting
the corresponding logical operators as in the distributive case. The cost of this has been the restriction of
admissible interpretations to those assigning a closed element of the complete lattice of stable sets. Indeed,
examining the case of <& as en example, its extension on all stable sets is defined using join-density of
closed elements, Gy A = Viyea Ool'x. Given that, as we have shown in Lemma Oz = T2 =T (),

18



a straightforward calculation shows that
TeO,AMVyeY (Vze X(z€ A— yRoz) — x Ly)

where we defined yR,z iff &’z L y. This is precisely condition that we mentioned in the Introduction,
quoting it from [5] (where x < y is defined by = L gy). Similar observations can be made for the other
operators.

There is then a choice to be made, between pursuing a uniform algebraic approach based on canonical
extensions and then abandoning the standard interpretation of e.g. boxes and diamonds, or taking a more
applied stance and preferring to abandon uniformity of approach when it comes to semantic issues. The
choice boils down to either (a) considering all interpretations assigning just any stable set to propositional
variables as admissible, but then the received interpretation of familiar operators must be abandoned, or
(b) we may opt for recapturing the familiar meaning of operators despite the absence of distribution, but
then interpretations must be restricted to the closed ones, assigning a closed element to a propositional
variable.
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